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ABSTRACT 

The POGO study of large liquid fueled rockets, 
such as the Saturn V, requires an accurate structural model. 
In particular, the axial motion of the liquid propellant must 
be accurately represented. 
models that may be used to represent liquid propellants which 
are contained in ellipsoidal type tanks such as the Saturn 
S-IVB or S-I1 liquid oxygen tanks. However, no corresponding 
hydroelastic model exists for representing the liquid hydrogen 
of these stages, where the containing tanks are cylindrical 
but with inverted bulkheads. 

There are in existence hydroelastic 

As part of an effort to obtain a more detailed 
structural model of the S-IVB, a hydroelastic model for the 
liquid hydrogen was developed and is described in this 
memorandum. 

A computer program for finding the corresponding 
liquid mass matrix is briefly described, and a sample problem 
solved using this program. Two theoretical checks on the 
computed mass matrix are made and it is shown that the accuracy 
of the numerical procedure is very good. 
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I n  t h e  POGO s t u d y  of l a r g e  l i q u i d  f u e l e d  space  
v e h i c l e s ,  such  as t h e  S a t u r n  V ,  it has  been unders tood  f o r  
some t i m e  t h a t  an a c c u r a t e  s t r u c t u r a l  model of  t h e  v e h i c l e  
i s  r e q u i r e d .  For t h i s  an  a c c u r a t e  r e p r e s e n t a t i o n  of  t h e  a x i a l  
motion o f  t h e  l i q u i d  p r o p e l l a n t ,  must b e  found.  Fur thermore ,  
i t  must be of  a type  t h a t  can  b e  e a s i l y  i n c o r p o r a t e d  i n t o  an 
o v e r a l l  s t r u c t u r a l  model of  t h e  v e h i c l e .  

To t h i s  end a number of  h y d r o e l a s t i c  models have 
been developed [l, 21. Using such  a model f o r  t h e  l i q u i d  
(LOX) most of  t h e  obse rved  Sa turn  V POGO i n s t a b i l i t i e s  have 

been  s u c c e s s f u l l y  p r e d i c t e d  by c l o s e d  loop  a n a l y s i s .  There 
are ,  however, some t i m e  p o i n t s ,  n o t a b i y  d u r i n g  t h e  S-IVB 
f i r s t  burn ,  a t  which i n f l i g h t  v i b r a t i o n s  have been observed  
b u t  f o r  which t h e  a n a l y s i s  has p r e d i c t e d  a l a r g e  deg ree  of  
s t a b i l i t y .  This  s u g g e s t s  t h a t  t h e  s t r u c t u r a l  model may need 
r e f inemen t  and i n  p a r t i c u l a r  t h a t  a h y d r o e l a s t i c  ' r e p r e s e n t a -  
t i o n  be used f o r  t h e  l i q u i d  hydrogen (LH2) as w e l l  as t h e  
LOX. 

P rev ious ly  t h e  L H 2  h a s  n o t  r e c e i v e d  such c a r e f u l  
mode l l ing  as t h e  LOX f o r  s e v e r a l  r easons .  One r eason  i s  t h a t  
due t o  t h e  s t i f f  n a t u r e  of  t h e  LH2 t a n k  l o w e r  bu lkhead  and t h e  
r e l a t i v e l y  s m a l l  m a s s  o f  t h e  LH2,  it w a s  t hough t  t h a t  any 

v i b r a t i o n a l  a c t i v i t y  of t h e  LH2 would b e  i n  a f r equency  range  
above t h a t  of POGO. Another r eason  i s  t h a t  i n  POGO a n a l y s i s  
t h e  LH2 t a n k  bot tom p r e s s u r e  f l u c t u a t i o n ,  u n l i k e  t h e  LOX, 

h a s  l i t t l e  i n f l u e n c e  on t h e  engine  t h r u s t  f l u c t u a t i o n .  (For 
an a c c u r a t e  d e t e r m i n a t i o n  t h i s  r e q u i r e s  a h y d r o e l a s t i c  
model [ 3 ] . )  FinaJ1.y none of t h e  e x i s t i n g  h y d r o e l a s t i c  models 



- 2 -  

are s u i t a b l e  f o r  a l i q u i d  con ta ined  i n  a c y l i n d r i c a l  t a n k  
w i t h  an i n v e r t e d  lower  bulkhead such  as t h e  S-IVB o r  
S I 1  LH, t a n k s .  

f o r  a l i q u i d  c o n t a i n e d  i n  an e l a s t i c  c y l i n d r i c a l  t a n k  whose 
l o w e r  bu lkhead  i s  an i n v e r t e d  p a r t i a l  e l l i p s o i d .  The a n a l y s i s  
i s  based  on t h e  f i n i t e  d i f f e r e n c e  t e c h n i q u e  of  Goldman [ 2 ]  
b u t  u s e s  t h e  v a r i a b l e  mesh v e r s i o n  of t h e  f i n i t e  d i f f e r e n c e  
g r i d  as d e t a i l e d  by Vanderg ra f t  [ 4 1 .  A computer program, 
which can be used t o  compute t h e  co r re spond ing  m a s s  m a t r i x  
f o r  t h e  l i q u i d  i s  d e s c r i b e d  and an example problem s o l v e d  
u s i n g  t h i s  program. The accuracy of  t h e  method i s  checked. 

I n  t h i s  memorandum a h y d r o e l a s t i c  model i s  d e r i v e d  

2 .  PROBLEM AND SYSTEM D E F I N I T I O N  

The problem cons ide red  h e r e  i s  t o  f i n d  a l i q u i d  mass 
m a t r i x  f o r  t h e  sys tem whose c r o s s  s e c t i o n  i s  shown i n  F i g u r e  1. 
The t a n k  c o n s i s t s  o f  a c y l i n d r i c a l  p o r t i o n ,  which,  i n  g e n e r a l ,  
i s  capped a t  b o t h  ends  by p a r t i a l  e l l i p s o i d s .  The lower end 
i s  made up of  two e l l i p s o i d s ;  one is  i n v e r t e d  and h a s  c e n t e r  
01 w h i l e  t h e  o t h e r  i s  r e g u l a r  w i t h  c e n t e r  a t  0 2 .  The upper 
end o f  t h e  t a n k  i s  capped by a s e m i - e l l i p s o i d  w i t h  c e n t e r  a t  
0 4 .  

The t a n k  shown i n  F igure  1 h a s  t h e  same geometry as 
t h e  S-IVB LH2 t a n k  and as such i s  t h e  most compl i ca t ed  o f  t h e  

LH2 t a n k s  i n  t h e  S a t u r n  V v e h i c l e .  Consequent ly  an a n a l y s i s  

c a r r i e d  o u t  f o r  t h i s  t a n k  may be  e a s i l y  a p p l i e d  t o  t h e  f u e l  
t a n k  of  t h e  S-IC o r  t h e  LH2 t ank  o f  t h e  S - I 1  s t a g e .  I n  bo th  

of t h e s e  t a n k s  t h e  lower end is c l o s e d  o u t  by a s i n g l e  s e m i -  
e l l i p s o i d  ( i n  t h e  s-I1 stage it i s  i n v e r t e d  w h i l e  i n  t h e  s-IC 
s t a g e  i t  i s  r e g u l a r ) .  

The l i q u i d  i s  assumed t o  b e  i n c o m p r e s s i b l e  and i n v i s c i d ,  
t h e s e  b e i n g  v a l i d  assumptions f o r  t h e  l i q u i d  p r o p e l l a n t s  t o  be 
s t u d i e d .  The free s u r f a c e  of t h e  l i q u i d  i s  assumed t o  be  any- 
where between t h e  lowes t  p o i n t ,  d e f i n e d  by t h e  i n t e r s e c t i o n  of 
S1  and S 2 ,  (see F i g u r e  l ) ,  and t h e  h i g h e s t  p o i n t  o f  t h e  t a n k .  
The space  between t h e  f r e e  s u r f a c e  and t h e  t o p  of t h e  t a n k  i s  
occupied  by u l l a g e  gas  whose dynamics w i l l  be i g n o r e d  h e r e .  

The m a s s  m a t r i x  for  t h e  l i q u i d  depends on t h e  deg rees -  
of-freedom chosen t o  r e p r e s e n t  i t s  motion.  I t  may be  e a s i l y  
shown (see S e c t i o n  3)  t h a t  t h e  motion of  t h e  f l u i d  i s  comple t e ly  
de te rmined  once t h e  motion of i t s  boundary i s  known. Hence 
t h e  degrees-of-freedom f o r  t h e  l i q u i d  can be  chosen t o  be  t h o s e  
used  t o  r e p r e s e n t  t h e  t ank  s t r u c t u r e  (wi th  t h e  e x c e p t i o n  of t h e  

l i q u i d  f r e e  s u r f a c e )  .' T h e s e  degrees-of-freedom are t h e  

t see n o t e  on page 6 .  
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v e r t i c a l  ( Z )  and r a d i a l  ( R )  d i sp l acemen t s  o f  t h e  boundary 
p o i n t s  (PI, as shown i n  F igu re  1. While t h e s e  p o i n t s  w i l l  
be  chosen t o  make t h e  s t i f f n e s s  m a t r i x  c a l c u l a t i o n  f o r  t h e  
t a n k  as s i m p l e  as p o s s i b l e ,  f o r  t h e  f i n i t e  d i f f e r e n c e  s o l u -  
t i o n  t h e y  must be chosen such t h a t  

(i) cor re spond ing  p o i n t s  on bulkhead  S1 and S2 
are i n  t h e  same h o r i z o n t a l  l eve l ,  

(ii) cor re spond ing  p o i n t s  on bulkhead  S 2  ( o r  ,511 
and S 4  l i e  on t h e  same ve r t i ca l  l i n e s .  (See 
F i g u r e  i. j 

3 .  DERIVATION OF THE L I Q U I D  MASS MATRIX 

I n  view of  t h e  connec t ion  between mass and k i n e t i c  
ene rgy  f o r  a l i q u i d ,  once a d i s c r e t e  form o f  t h e  k i n e t i c  
ene rgy  i s  known t h e  mass m a t r i x  can be  e a s i l y  found. The 
p rocedure  f o r  f i n d i n g  t h e  mass m a t r i x  i s  b a s e d ,  t h e n ,  on 
f i r s t  f i n d i n g  t h e  k i n e t i c  energy o f  t h e  l i q u i d  i n  t e r m s  o f  
a f i n i t e  number o f  normal v e l o c i t i e s  of t h e  t ank  w a l l .  

The k i n e t i c  energy  of  t h e  l i q u i d  i s  

where p i s  t h e  l i q u i d  m a s s  d e n s i t y ,  v = v ( r , z , t )  i s  t h e  
ax isymmetr ic  v e l o c i t y  f i e l d ,  and t h e - i n t e g r a t i o n  i s  c a r r i e d  
o u t  o v e r  t h e  volume V occupied by t h e  l i q u i d .  

From t h e  assumption t h a t  t h e  l i q u i d  i s  i n c o m p r e s s i b l e  
w e  f i n d  from t h e  c o n t i n u i t y  e q u a t i o n  

Fur thermore  f o r  an i n v i s i d  l i q u i d ,  which i s  a t  rest i n i t i a l l y ,  
w e  may assume t h e  r e s u l t i n g  motion i s  i r r o t a t i o n a l ,  i . e . ,  t h e r e  
e x i s t s  a p o t e n t i a l  f u n c t i o n  (I = + , ( r ; z . , t )  such t h a t  
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v = Q @  . - 

Combining ( 2 )  and ( 3 )  w e  f i n d  

( 3 )  

(4) 
2 v + = o  . 

Applying Green ' s  f i r s t  i d e n t i t y  t o  t h e  i n t e g r a l  i n  
(1) and u s i n g  ( 3 )  and ( 4 )  w e  f i n d  t h e  e q u i v a l e n t  e x p r e s s i o n  
f o r  t h e  k i n e t i c  energy  

J 

ST 

a +  
an where - i s  t h e  d e r i v a t i v e  o f  4 i n  t h e  d i r e c t i o n  o f  t h e  outward 

normal  t o  t h e  l i q u i d  s u r f a c e .  The i n t e g r a t i o n  i s  ex tended  o v e r  
t h e  t o t a l  bounding s u r f a c e ,  ST, of t h e  l i q u i d ,  which i n c l u d e s  

b o t h  t h e  f r e e  s u r f a c e  a r e a ,  SF, and t h e  w e t t e d  are o f  t h e  t a n k ,  
S - .  s 

Now on t h e  f r e e  s u r f a c e  t h e  p r e s s u r e  of  t h e  l i q u i d  
e q u a l s  t h e  u l l a g e  p r e s s u r e  (which w i l l  be assumed c o n s t a n t )  
and hence  t h e  l i n e a r i z e d  B e r n o u i l l i  e q u a t i o n  can be  t a k e n  i n  
t h e  form 

a +  - t a n = O  . a t  Z 

H e r e  aZ  i s  t h e  i n e r t i a l  a c c e l e r a t i o n  of t h e  t ank  r e l a t i v e  t o  
t h e  local  g r a v i t a t i o n a l  a c c e l e r a t i o n ,  n ( r , t )  i s  t h e  i n s t a n t a n e o u s  
f ree  s u r f a c e  wave h e i g h t r a n d  at a @  ( r , t )  i s  t h e  v e l o c i t y  p o t e n t i a l  

r a t e  a t  t h e  f r e e  s u r f a c e .  
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Goldman [ 2 1  h a s  observed  t h a t  f o r  h y d r o e l a s t i c  
v i b r a t i o n s  of t a n k s  i n  r o c k e t s ,  which a r e  a c c e l e r a t i n g  a t  
moderate  g l eve l s  
t h e  e q u a t i o n  

(-< 5 g ) ,  t o  a good approximat ion  @ s a t i s f i e s  

- , a t  (7) 

on t h e  f r e e  s u r f a c e .  
t o  

For  v i b r a t o r y  motion t h i s  i s  e q u i v a l e n t  

+ = o  . ( 8 )  

Using (8) i n  (5 )  w e  t h e r e f o r e  f i n d  f o r  t h e  k i n e t i c  
ene rgy  t h e  s i m p l e r  e x p r e s s i o n ,  

where now t h e  i n t e g r a t i o n  i s  only  t a k e n  o v e r  t h e  w e t t e d  area,  
Ss of t h e  t a n k .  

Now t h e  i n t e g r a l  i n  ( 9 )  can be e v a l u a t e d  by us ing  
t h e  v a l u e s  of t h e  i n t e g r a n d  a t  N d i s c r e t e  p o i n t s  as 

N 
T = -  

2 
i ,  j = 1  

where L $ ~  i s  t h e  v a l u e  of  t h e  p o t e n t i a l  a t  t h e  i t h  p o i n t ,  (s) a 4  
i s  t h e  normal v e l o c i t y  of t h e  l i q u i d  boundary a t  t h e  j t h  p o i n t ,  j 
and Eij i s  a banded i n t e g r a t i o n  m a t r i x .  

m a t r i x  may be found from ( 9 )  by assuming t h e  p o t e n t i a l  f u n c t i o n  
and normal v e l o c i t y  t o  v a r y  l i n e a r l y  w i t h  arc  l e n g t h  between 

The e l emen t s  of  t h i s  
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two c o n s e c u t i v e  p o i n t s  Pi and Pi+l (see F i g u r e  1). 
d e t a i l s  o f  t h e  c a l c u l a t i o n  of t h e  E m a t r i x  see Reference  [31  . )  
S i n c e  t h e  l i q u i d  i s  i n v i s c i d ,  t h e  c o m p a t i b i l i t y  c o n d i t i o n  
between t h e  l i q u i d  and t a n k  is  

(For  more 

(1 = 1 , N )  , 3 .  

where v i s  t h e  normal v e l o c i t y  of  t h e  t a n k  a t  t h e  j t h  p o i n t .  

From a f i n i t e  d i f f e r e n c e  s o l u t i o n  of  (4) s u b j e c t  t o  
j 

t h e  boundary c o n d i t i o n s  ( 8 )  and (11) w e  can f i n d  a r e l a t i o n s h i p  
of t h e  form 

N 

j f  
bi = 1 Q i j  V 

j=1 

w i t h  Q ; ,  a known m a t r i x .  
I J  

S u b s t i t u t i n g  f o r  [z) and $i i n  (10) g i v e s  t h e  r e q u i r e d  - i 
- J  

d i s c r e t e  form f o r  t h e  k i n e t i c  ene rgy  

N 

- -  
i ,  j , k = l  

F i n a l l y  t h e  l i q u i d  m a s s  m a t r i x  can b e  found by n o t i n g  
from Lagrange ' s  e q u a t i o n  ( t h e  gove rn ing  e q u a t i o n s  f o r  t h e  motion)  
t h a t  t h e  i n e r t i a l  p r o p e r t i e s  are c o n t a i n e d  i n  t h e  t e r m s  

& (c) where vR ( R  = 1 , N )  are t h e  g e n e r a l i z e d  v e l o c i t i e s .  
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Using (13) w e  f i n d ,  

N 

i , k = l  

Hence i n  m a t r i x  n o t a t i o n  t h e  l i q u i d  m a s s  m a t r i x ,  M i s  g iven  by 

4 .  FINITE DIFFERENCE SOLUTION 

The c e n t r a l  problem i n  t h e  d e r i v a t i o n  o f  t h e  
h y d r o e l a s t i c  model by f i n i t e  d i f f e r e n c e s  i s  t h e  d e r i v a t i o n  

a s o l u t i o n  f o r  L a p l a c e ' s  equa t ion  ( 4 )  s u b j e c t  t o  t h e  boundary 
c o n d i t i o n s  ( 8 )  and (11). Since  t h e  motion i s  assumed axisym- 
m e t r i c  w e  need o n l y  c o n s i d e r  t h e  s o l u t i o n  of  $I i n  t h e  q u a r t e r  
s e c t i o n  shown i n  F i g u r e  1. From t h e  a s s i g n e d  boundary p o i n t s  
t h e  g r i d  i s  c o n s t r u c t e d  as shown i n  F i g u r e  1. A s  p r e v i o u s l y  
n o t e d ,  t h e  boundary p o i n t s  may be chosen a t  random so long  as 
t h e y  can be  j o i n e d  by v e r t i c a l  and h o r i z o n t a l  g r i d  l i n e s  and 
t h e r e  are g r i d  p o i n t s  a t  t h e  j o i n s  of t h e  s e c t i o n s  S 1  and S2,  
S 2  and S 3 ,  etc .  

m a t r i x .  A s  i n d i c a t e d ,  t h i s  i s  found by c o n s t r u c t i n g  
Of  the Q i j  

I n  c y l i n d r i c a l  c o o r d i n a t e s  , L a p l a c e ' s  e q u a t i o n  ( 4 )  
h a s  t h e  form 

For  convenience w e  i n t r o d u c e  t h e  non-dimensional  v a r i a b l e s  
A = r / R  and z = z/R, where R i s  t h e  maximum r a d i u s  of  t h e  
t a n k .  I n  non-dimensional  form (16) becomes 

- 
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- 
where + ( X , z )  = +(r(X), z ( z ) )  for all X and z .  

Approximating the terms in (17) by central differences 
we find for the general interior point (i I j) I Figure 2, the 
equatiori 

% where % @i is the approximation to 4 at the point (i,j) I I J  
% % 

. is the approximation to 4 at (i-I,j), and SO on. 'i-~,] 

(i, j-1) (i, j + l )  

FIGURE 2 - GENERAL INTERIOR POINT 
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For  p o i n t s  on t h e  a x i s  w e  n o t e  t h a t  L a p l a c e ' s  
e q u a t i o n  h a s  t h e  form 

The co r re spond ing  f i n i t e  d i f f e r e n c e  approximat ion  i s  

0 .  20 I 

To complete  t h e  f i n i t e  d f f e r e n c e  s o l u t i o n  w e  must 
add e q u a t i o n s  for  t h e  boundary p o i n t s .  
a t  t h e  f r e e  s u r f a c e  i s  z e r o  w e  need  on ly  w r i t e  e q u a t i o n s  f o r  
t h e  boundary p o i n t s  i n  contact w i t h  t h e  t a n k  w a l l .  A t  t h e s e  
p o i n t s  ( t a k i n g  accoun t  o f  t h e  n o r m a l i z a t i o n )  

S i n c e  t h e  p o t e n t i a l  

[z) i = Rvi ( i = l , N )  , 

where as p r e v i o u s l y  s t a t e d  vi i s  t h e  normal v e l o c i t y  o f  t h e  t a n k  

a t  t h e  p o i n t  i. The n e x t  s t e p  i s  t o  s u i t a b l y  e x p r e s s  (K) i n  
i 

t e r m s  of t h e  p o t e n t i a l  a t  t h e  boundary and i n t e r i o r  p o i n t s .  

Here a f i r s t  order approximat ion  t o  t h e  d e r i v a t i v e  (=I i s  

s u f f i c i e n t  s i n c e  t h e  approximat ions  t o  t h e  i n t e r i o r  p o i n t s  are 

o n l y  t o  t h i s  order [4]. Since  t h e  e x p r e s s i o n  f o r  (5) varies  

w i t h  t h e  geometry of  t h e  t a n k  t h e  e q u a t i o n s  f o r  t h e  boundary 
p o i n t s  on S 1 ,  S 2 ,  S3  and S 4  must be  c o n s i d e r e d  s e p a r a t e l y .  
Fu r the rmore ,  t h e  c o r n e r  p o i n t  a t  t h e  d i s c o n t i n u o u s  i n t e r s e c t i o n  
of S1 and S 2  needs s p e c i a l  c o n s i d e r a t i o n .  

8 %  

8 %  

4 
i 

i 
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Soundary P o i n t  on S 1  

The normal  a t  t h e  p o i n t  Po makes an a n g l e  of  : L ~  
w i t h  t h e  h o r i z o n t a l .  
h o r i z o n t a l  and v e r t i c a l  d i r e c t i o n s  are P 

The mesh p o i n t s  a d j a c e n t  t o  Po i n  t h e  
and P2, r e s p e c t i v e l y  

(see F igure  3 ) .  1 

FIGURE 3 - BOUNDARY POINT ON SI 

Now r e s o l v i n g  a l o n g  t h e  normal g i v e s  

Using t h e  f i r s t  o r d e r  approximat ions  
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we f i n d  t h e  e q u a t i o n  f o r  t h e  boundary p o i n t  on S1  t o  be 

Boundary P o i n t s  on S 2 ,  S3  and S4 

The e q u a t i ~ n s  fsr t h e s e  h u n d a r y  points can be 
d e r i v e d  i n  t h e  same way as those  f o r  t h e  s u r f a c e  S .  The  
e x a c t  form of  t h e s e  e q u a t i o n s  i s  g iven  i n  Appendix A. 

Corner  P o i n t  a t  t h e  I n t e r s e c t i o n  of  S 1  and S2 

T o  f a c i l i t a t e  t h e  numer ica l  i n t e g r a t i o n  of t h e  
k i n e t i c  energy  e x p r e s s i o n ,  ( 9 )  , i n  t h e  neighborhood of Po  

(see F i g u r e  4 )  w e  i d e n t i f y  two normals :  one a s s o c i a t e d  w i t h  
t h e  d i r e c t i o n  o f  V O t  which i s  p e r p e n d i c u l a r  t o  t h e  s u r f a c e  S 1  

and makes an a n g l e  o f  R w i t h  t h e  h o r i z o n t a l ;  t h e  o t h e r  
a s s o c i a t e d  w i t h  t h e  d i r e c t i o n  of  V o s ,  which i s  p e r p e n d i c u l a r  

t o  t h e  s u r f a c e  S 2  and m a k e s  an ang le  o f  ROs w i t h  t h e  h o r i z o n t a l .  

0 

2 

SI 

os V 

s2 

FIGURE 4 - CORNER POINT AT INTERSECTION OF SI AND s2 
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U n f o r t u n a t e l y  t h i s  "double"  normal poses  a problem i n  t h e  
f i n i t e  d i f f e r e n c e  s o l u t i o n  where w e  need  t o  d e f i n e  a r e l a t i o n -  
s h i p  between t h e  normal v e l o c i t y  and t h e  p o t e n t i a l  a t  P o .  

T o  accommodate t h i s  we use  t h e  f o l l o w i n g  approximat ion .  L e t  
t h e  normal a s s o c i a t e d  w i t h  Vo be s h i f t e d  t o  i n t e r s e c t  t h e  

s u r f a c e  S 1  a t  a h o r i z o n t a l  d i s t a n c e  d o  and v e r t i c a l  d i s t a n c e ,  

w i t h  Vos i n t e r s e c t  S2  a t  d i s t a n c e s  d 1  and 
??ow f o r  A - / n . .  

assume t h e  normals  i n t e r s e c t  a t  P t h e r e b y  f a c i l i t a t i n g  t h e  

numer i ca l  i n t e g r a t i o n .  On the  o t h e r  hand f o r  t h e  s h i f t e d  
p o s i t i o n s  it i s  p o s s i b l e  t o  fo rmula t e  w e l l  d e f i n e d  boundary 
c o n d i t i o n s  t h e r e b y  s o l v i n g  t h e  f i n i t e  d i f f e r e n c e  problem. 

from t h e  p o i n t  P o .  S i m i l a r l y  l e t  t h e  normal a s s o c i a t e d  
(see F i g u r e  6 ) .  

E O  
61/ai and E ~ / B ~  s u f f i c i e n t l y  s m a l l  w e  can s t i l l  u u :  

0 

T 

"0 

FIGURE 5 -SHIFTED NORMALS A T  CORNER PRINT Po 
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These a r e ,  

and 

where w e  have made a l i n e a r  i n t e r p o l a t i o n  t o  o b t a i n  t h e  v a l u e  o f  
t h e  p o t e n t i a l  a t  p o i n t s  P l l  and Pl".  Note t h a t  due t o  t h e  

s h i f t i n g  p rocedure  t h e  e q u a t i o n  f o r  t h e  a d j a c e n t  i n t e r i o r  p o i n t  
P1 w i l l  b e  mod i f i ed  t o  

Th i s  comple tes  t h e  fo rmula t ion  of t h e  f i n i t e  d i f f e r e n c e  e q u a t i o n s .  
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S o l u t i o n  f o r  t h e  Q Mat r ix  

Combining t h e  e q u a t i o n s  ( 1 8 ,  2 0 ,  24-27, Al-A3) fo r  
t h e  i n t e r i o r ,  a x i s ,  and boundary p o i n t s  f o r  w e  f i n d  

. %  i s  a known c o e f f i c i e n t  m a t r i x ,  t $ .  1 i s  coiunul vec to r  
where 3 
o f  t h e  p o t e n t i a l  v a l u e s  a t  each o f  t h e  g r i d  p o i n t s  ( N T  of t h e m ) ,  
and t v . 1  i s  a column v e c t o r  of normal  v e l o c i t i e s  o r  z e r o s  

(depending  upon whether  j i n d i c a t e s  a boundary p o i n t  o r  an 
i n t e r i o r  p o i n t ) .  

P r e m u l t i p l y i n g  ( 3 4 )  by [Ai j  ' 1 ,  w e  f i n d  

3 

- 

% - 
{ + i )  = R [ A i j  11h7 .1  3 . 

P i c k i n g  on ly  t h o s e  v a l u e s  o f  i which co r re spond  t o  boundary 
p o i n t s  w e  f i n d  t h e  reduced s y s t e m  

% b  -1 b 
{Oil = R [ A i j  1 t V j >  I 

b 
where R [ A i j  -I] cor re sponds  t o  t h e  r e q u i r e d  Q m a t r i x .  

as e x p l a i n e d  i n  s e c t i o n  3 .  This  concludes  t h e  t h e o r e t i c a l  
development f o r  t h e  l i q u i d  mass m a t r i x .  

i j  

From t h e  Q m a t r i x  t h e  normal m a t r i x  can now be computed 
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5. NUMERICAL RESULTS 

A computer program, CTANK1, w a s  w r i t t e n  t o  compute 
t h e  l i q u i d  m a s s  m a t r i x  for  a c y l i n d r i c a l  t a n k  of t h e  t y p e  
shown i n  F i g u r e  1. A f l o w  c h a r t  and d e s c r i p t i o n  o f  t h i s  
program are g i v e n  i n  Appendix B. 

Sample Problem 

Using t h i s  program t h e  l i q u i d  mass m a t r i x  h a s  been 
found f o r  t h e  f o l l o w i n g  c o n f i g u r a t i o n  (see F i g u r e  1): 

C y l i n d e r  r a d i u s  = 10 i n .  
Lower Bulkhead (S2) = 1 0  i n .  r a d .  ( s p h e r i c a l )  
Inven ted  Bulkhead ( S 3 )  = 10 i n .  r a d .  ( s p h e r i c a l )  
Upper Bulkhead ( S 4 )  = 1 0  i n .  r a d .  ( s p h e r i c a l )  

D i s t ance  0 2  - 0 1  = 2 0 2  = 5 . 8  i n .  

D i s t ance  0 4  - 0 1  = 204  = 1 5 . 0  i n .  
L iqu id  leve l  above 01  = hO1 = 1 5 . 3  i n .  

L iqu id  d e n s i t y  = 0.000376 l b f  = sec / i n  . 

A 

A 

A 

2 4  

The f i n i t e  d i f f e r e n c e  g r i d  h a s  been l a i d  o u t  as shown 
i n  F i g u r e  1 r e s u l t i n g  i n  f i f t e e n  boundary p o i n t s  on t h e  t a n k  
s u r f a c e .  Using ver t ica l  (2) and radial  ( R )  degrees-of-freedom 
t h i s  r e s u l t s  i n  2 2  d e g r e e s  of freedom f o r  t h e  l i q u i d  mass m a t r i x .  
The mass m a t r i x  i s  shown i n  Table 1 ( Z  and R m a s s ) .  The o r d e r i n g  
of t h e  degrees-of-freedom are Z I I  Z 2 !  R2' Z3! . . . I  R 7 '  R8'  
R g r  R10 I Rll'  ' I R141 R15. 
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V a l i d i t y  o f  R e s u l t s  

To  examine t h e  v a l i d i t y  o f  t h e  d e r i v e d  mass m a t r i x  
it is  normal t o  f i r s t  g e n e r a t e  a s t i f f n e s s  m a t r i x  f o r  t h e  
tank  c o n t a i n i n g  t h e  l i q u i d  and t h e n  t o  use  t h i s ,  t o g e t h e r  w i t h  
t h e  m a s s  m a t r i x ,  t o  de t e rmine  t h e  n a t u r a l  f r e q u e n c i e s  of  t h e  
l i q u i d - t a n k  system. These n a t u r a l  f r e q u e n c i e s  are t h e n  com- 
p a r e d  t o  t h e o r e t i c a l l y  o r  e x p e r i m e n t a l l y  o b t a i n e d  n a t u r a l  
f r e q u e n c i e s  t h e r e b y  p r o v i d i n g  a check f o r  t h e  m a s s  m a t r i x .  
I n  the absence  of  any such  r e s u l t s  f o r  t a n k s  of t h e  geometry 
c o n s i d e r e d  h e r e  s o m e  a l t e r n a t e  checks  had t o  be  made. 

S i n c e  from (15)  I 

M = p/2[EQ + [GQIT] 

t h e  c o r r e c t n e s s  of t h e  matrices E and Q imply t h e  c o r r e c t n e s s  
o f  t h e  l i q u i d  - m a t r i x ,  M. The method f o r  checking  t h e  i n t e g r a -  
t i o n  m a t r i x ,  G i s  s t r a i g h t f o r w a r d  and w i l l  n o t  be d i s c u s s e d  
h e r e .  
t h e  f o l l o w i n g  way. 

The m a t r i x  Q ( o r  e q u i v a l e n t l y  [ A i j  -'Ib) w a s  checked i n  

A s o l u t i o n  to,Laplace ' s e q u a t i o n  (17 )  s u b j e c t  t o  
t h e  boundary c o n d i t i o n  $I E 0 on = 15.3  ( i . e . I  z = 1.53)  i s  

From (31)  w e  f i n d  t h e  normal  d e r i v a t i v e  t o  be  

(32)  - 3% = J l ( h ) s i n h ( z  - 1 . 5 3 ) c o s  Q o  - J o ( A ) c o s h ( z  - 1 . 5 3 ) s i n  G o  
an 

where as b e f o r e  Qo i s  t h e  ang le  of t h e  outward normal w i t h  t h e  
h o r i z o n t a l  ( A )  d i r e c t i o n .  Now a t  each  of  t h e  boundary p o i n t s  w e  

- 
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% 
can compute from (31)  t h e  value of  t h e  p o t e n t i a l  4Th where 

t h e  s u b s c r i p t  'Th '  indicates t h e  t h e o r e t i c a l  v a l u e  o f  4 .  

From ( 3 2 )  w e  compute t h e  va lue  o f  - a t  each  o f  t h e  boundary 
p o i n t s .  ( N o t e  t h a t  t h e y  a r e  t w o  v a l u e s  a s s o c i a t e d  w i t h  t h e  
c o r n e r  p o i n t  P,. ) 

'L 

4 
an 

Now u s i n g  ( 2 1 )  i n  ( 3 0 )  w e  f i n d  

so from t h e  boundary p o i n t  v a l u e s  o f  (-1 a; w e  f i n d  a set  o f  an 
% 

boundary p o i n t  v a l u e s  f o r  4 .  The d e v i a t i o n  of  t h e s e  v a l u e s  

-I] and from 4Th i s  a measure of t h e  accu racy  of  t h e  [Aij 

Qi j 
are shown i n  T a b l e  2 .  I t  i s  seen  t h a t  t h e  maximum error i s  
4.4%, which r educes  t o  approximate ly  2 . 6 %  as one leaves t h e  
neighborhood of t h e  c o r n e r  p o i n t .  Bear ing  i n  mind t h e  
c o a r s e n e s s  o f  t h e  f i n i t e  d i f f e r e n c e  g r i d  t h i s  shows t h e  

LAi j - l 1  

f o r  t h e  mass m a t r i x  and c o n s i s t s  o f  u s i n g  t h e  Mat r ix  M t o  f i n d  
t h e  t o t a l  weight  of  t h e  l i q u i d .  For  t h e  sample problem it w a s  
found : 

b 
% 

matrices. For  t h e  sample problem s o l v e d  h e r e  t h e  v a l u e s  

b 
is  b e i n g  c o r r e c t l y  determined.  

The second check t h a t  w a s  made i s  a g l o b a l  check 

Total  weight  ( t h e o r e t i c a l )  = 1 . 0  u n i t s ,  
T o t a l  weight  (computed from M) = 0.9956 u n i t s ,  

P e r c e n t  error = 0 . 4 4 % .  



- 20 - 

P o i n t  

p1 

'2 

'3 

'4 

p5 

p 7  

'7 

'9 

'10 

'11 

'12 

'6 

'8 

'13 

'14 

'15 

% 

'Th 

- . 5 5 5 2  

- . 5 7 2 4  

- . 6 4 0 9  

- . 7 6 9 9  

- . 9 2 4 5  

- 1 . 0 5 5 5  

- 1 . 2 4 0 9  

- 1 . 2 4 0 9  

-1 .0016  

- . 8 4 1 3  

- . 6 5 9 2  

- . 5 1 4 6  

- . 4 4 2 4  

- . 4 2 4 8  

- , 2 8 1 5  

- .1385 

% 

'camp 

- . 5 6 9 8  

- . 5 8 0 7  

- . 6 5 4 1  

- . 7 9 3 7  

- . 9 5 8 7  

- 1 . 0 9 6 5  

- 1 . 2 9 5 5  

- 1 . 2 9 4 4  

- 1 . 0 4 2 8  

- . 8 7 5 5  

- . 6 8 5 1  

- .5335 

- . 4 5 7 3  

- . 4 3 8 7  

- . 2 8 9 5  

- . 1 4 2 1  

% Error 

2 . 6 4  

1 . 4 4  

2 . 0 4  

3 . 1 0  

3 . 7 0  

3 . 8 8  

4 . 4 0  

4 . 3 1  

4 . 1 1  

4 . 0 7  

3 . 9 2  

3 . 6 6  

3 . 3 7  

3 . 2 8  

2 . 8 6  

2 . 6 4  

b 
Table 2 - LOCAL ERROR I N  [A-1] MATRIX 
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Comparison w i t h  " S t a t i c a l "  Mass Mat r ix  

The c o n f i g u r a t i o n  f o r  t h e  sample problem w a s  chosen 
so t h a t  t h e  t o t a l  m a s s  o f  t h e  l i q u i d  w a s  u n i t y .  Th i s  e n a b l e s  
t h e  r e a d e r  t o  see from Table  1 how t h e  m a s s  i s  d i s t r i b u t e d  t o  
t h e  degrees-of-freedom. I n  p a r t i c u l a r  it i s  i n t e r e s t i n g  t o  
compare t h e  d i s t r i b u t i o n  w i t h  t h a t  o b t a i n e d  from a " s t a t i c a l "  
a n a l y s i s .  ( I n  such  an  a n a l y s i s  t h e  m a s s  a s s o c i a t e d  w i t h  a 
g i v e n  degree  o f  freedom i s  d e r i v e d  from t h e  w e i g h t  of  t h e  
column of  l i q u i d  above t h e  co r re spond ing  node p o i n t . )  

For  t h e  s t a t i c a l  mass m a t r i x  the o n i y  non zero  terms 
are 

(Zl, Z 1 )  = .630 - 02 ( .236  - 0 2 )  

(22 ,  22 )  = .740  - 0 1  ( .153  - 01)  

(23 ,  23 )  = .159 + 00  ( .480  - 01)  

(24 ,  24 )  = .236 + 00  ( .689  - 0 1 )  

(Z5,  2 5 )  = . 2 1 1  + 00  ( . 497  - 0 1 )  

(Z6,  Z6) = .152 + 00 ( . 3 7 7  - 0 1 )  

(27, 27 )  = .990  - 0 1  ( .316  - 01) 
(Z8, 28 )  = .350 - 0 1  ( . 3 2 0  - 0 2 )  

where t h e  co r re spond ing  terms f o r  t h e  h y d r o e l a s t i c  m a t r i x  are 
shown i n  p a r e n t h e s i s .  It i s  seen t h a t  t h e  "statical" masses 
are c o n s i s t e n t l y  h i g h e r  t h a n  t h o s e  o b t a i n e d  from t h e  hydro- 
e l a s t i c  a n a l y s i s .  Furthermore t h e  s t a t i c a l  m a t r i x  l a c k s  any 
components associated w i t h  t h e  r a d i a l  degrees-of - f reedom and 
any c o u p l i n g  between t h e  deqrees-of-freedom which,  f o r  a l i q u i d  
r e p r e s e n t a t i o n  i s  a s e r i o u s  d e f e c t .  

6. CONCLUSIONS 

I n  t h i s  memorandum a p rocedure  i s  d e s c r i b e d  f o r  
f i n d i n g  t h e  mass m a t r i x  of an  i n c o m p r e s s i b l e ,  i n v i s c i d  l i q u i d  
c o n t a i n e d  i n  a c y l i n d r i c a l  tank w i t h  a n  i n v e r t e d  l o w e r  bu lk-  
head .  A computer program, C T A N K l . ,  h a s  been w r i t t e n  which 
on i n p u t  of t h e  t a n k  d imens ions ,  t h e  l i q u i d  d e n s i t y  and a 
c o n s i s t e n t  s e t  of boundary p o i n t  l o c a t i o n s ,  can  be used  t o  
compute t h i s  mass m a t r i x .  

A sample problem has been s o l v e d  u s i n g  t h i s  program, 
and two t h e o r e t i c a l  checks  c a r r i e d  o u t  on t h e  computed m a s s  
m a t r i x .  These checks  showed t h e  accu racy  of t h e  number ica l  
method t o  be v e r y  good. Fur thermore ,  t h e  program h a s  been 
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used to derive mass matrices for the S-IVB LH2 at various 
flight times. When these matrices were incorporated into 
an overall structural model of the S-IVB and a vibration 
analysis carried out, the predicted structural response 
correlated well with flight data. This work will be described 
in a forthcoming report. 

ACKNOWLEDGEMENT 

I wish to thank M. L. Carothers for valuable 
assistance with the computer programming. 

2 0 3 1-TJR- j f 

Attachments 
References 
Appendices A and B 

T: J. Rudd 



REFERENCES 

1. Guyan, R. J . ,  U j i h a r a ,  B.  H .  and Welch, P .  W ,  
" H y d r o e l a s t i c  A n a l y s i s  o f  Axisymmetric Systems by a 
F i n i t e  E l e m e n t  Method", AFFDL-TR-68-150, P roceed ings  
o f  t h e  Second Conference on Matr ix  Methods i n  
S t r u c t u r a l  Mechanics,  December 1 9 6 9 .  

2 .  Goldman, R. L . ,  " L o n g i t u d i n a l  V i b r a t i o n  A n a l y s i s  of 
P a r t i a i i y - F i i i e d  E i i i p s o i d a i  Tanks Ly F l i i i t e  Di f fe re i~Ces" ,  
TR-70-6C RIAS, Augus t  1 9 7 0 .  

3 .  Rudd, T.  J . ,  ''On t h e  C a l c u l a t i o n  o f  t h e  P r e s s u r e  
F l u c t u a t i o n  i n  a V i b r a t i n g  P r o p e l l a n t  Tank",  Bellcomm 
Memorandum f o r  F i l e ,  B 7 1  03052, March 23 ,  1971. 

4. V a n d e r g r a f t ,  J.  S . ,  "A F i n i t e  D i f f e r e n c e  Method f o r  
S o l v i n g  L a p l a c e ' s  Equat ion Using a Non-Uniform Mesh", 
Bellcomm T e c h n i c a l  Memorandum, TM-71-2031-1, 
March 2 3 ,  1 9 7 1 .  



A P P E N D I X  A 

I n  t h i s  appendix  t h e  e q u a t i o n s  f o r  boundary p o i n t s  
on t h e  surfaces S 2 ,  S3  and S4  a re  g iven .  

Boundary P o i n t  on S2 

'S2 

FIGURE A I  - BOUNDARY POINT ON S2 

$ ( P , )  + $ ( P o )  = R v o  . ( A l )  
sin ") 0 cos R o  s i n  s2 

- $ ( P l )  - 
aO $ 0  
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Boundarv P o i n t  on S 3  

FIGURE A2 -BOUNDARY POINT ON S3 

Boundary Point on S 4  

FIGURE A3 BOUNDARY POINT ON S4 

O +  sin "1 ; ( P o )  = Rv0 . ( k 3 )  ( B O  

0 %  s i n  R 
$ ( P , )  + 0 %  cos R 

- $(PI) - 
a O  B O  



APPENDIX B 

I n  t h i s  appendix  t h e  computer program CTANKl. ,  
which i s  s u i t a b l e  f o r  u se  w i t h  t h e  UNIVAC 1 1 0 8 ,  i s  d e s c r i b e d .  
Here w e  w i l l  r es t r ic t  t h e  d e s c r i p t i o n  t o  t h e  b a s i c  v e r s i o n  
of  CTANK1. which i s  s u i t a b l e  f o r  c o n f i g u r a t i o n s  where t h e  
l i q u i d  l e v e l  i s  below t h e  s t a r t  o f  t h e  upper  bulkhead S4.  
Fur the rmore ,  it i s  r e s t r i c t e d  t o  t h o s e  c o n f i g u r a t i o n s  where 
t h e  t o t a l  number of  g r i d  p o i n t s  i s  less  t h a n  2 0 0 .  (See N o t e  1 
on page B 2 j .  

A f l ow c h a r t  showing t h e  main o p e r a t i o n s  i n  t h e  
program i s  shown i n  F i g u r e  B1. The i n p u t  i s  i n  t w o  p a r t s  
as f o l l o w s :  

$FIRST 

N = Number o f  boundary p o i n t s  on S1. 

NT = Number of boundary p o i n t s  on S2 i n c l u d i n g  t h e  
i n t e r s e c t i o n  p o i n t s  w i t h  S1 and S3. 

NS = Number of  boundary p o i n t s  on S 3  e x c l u d i n g  t h e  
i n t e r s e c t i o n  p o i n t  on S2 and t h e  f r e e  s u r f a c e .  

-1 IP  = P r i n t  pa rame te r :  I f  = 1, A and A are p r i n t e d .  
I f  = 0 o n l y  t h o s e  i t e m s  shown i n  f low c h a r t .  

$ E N D  

$INPUT 

ZEE = S i n g l e  a r r a y ,  o f  s i z e  (N+NT-l+NS), o f  boundary 
p o i n t  h e i g h t s  above t h e  o r i g i n  01. The a r r a y  
b e g i n s  w i t h  t h e  p o i n t s  on S1 ( s t a r t i n g  from 
l o w e s t )  fo l lowed by t h e  p o i n t s  on S2 and S3 
( s t a r t i n g  w i t h  t h e  l o w e s t  b u t  e x c l u d i n g  t h e  
c o r n e r  p o i n t ) .  

Z@2 = Dis tance  of t h e  o r i g i n  02 above 01. 

A 1 , B l  = Semi-major and minor axes  of  t h e  e l l i p s e  
c o n t a i n i n g  S1 

A 2 , B 2  = Semi-major and minor axes  of  t h e  e l l i p s e  
c o n t a i n i n g  S2. 

WL = Dens i ty  of  l i q u i d  p r o p e l l a n t .  

$END. 



- B2 - 

A s  an example,  t h e  i n p u t  f o r  t h e  sample problem 
d i s c u s s e d  i n  s ec t ion  5 i s  as follows: 

$ F I R S T  

N = 7 ,  NT = 3 ,  N S  = 2 ,  IP = 0 , 

$END 

$INPUT 

ZEE ( i j = 2.9,  4 . 5 ,  5 .8 ,  7.5, 9 . 0 ,  3 . 8 ,  10.3, 4.5 ,  5.8, 
7 . 5 ,  9.0,  9 . 8 ,  1 0 . 0 ,  1 1 . 7 ,  1 3 . 5 ,  1 5 . 3 ,  

2 4 2  = 5 . 8 ,  A 1  = 1 0 . 0 ,  B 1  = 1 0 . 0 ,  A2 = 1 0 . 0 ,  B2 = 10.0 ,  

WL = 0.0003’76, 

$END. 

NOTE 1. 

The t o t a l  number of g r i d  p o i n t s  i s  g iven  by 

(N-NT) {N+3NT-1} + N S  ( N T + N - 1 )  2 N T o t a l  = (NT +1) + 

For t h e  b a s i c  v e r s i o n  of CTANKl. ,  NTotal must no t  exceed 200 .  



READ INPUT DATA 

~ 

PRINT A - l  MATRIX 

COMPUTE NORMALIZED 

COMPUTE CY'S, 0 ' s  FOR 
GRID AND ANGLES a, 3 

COMPUTE NORMAL MASS 
MATRIX - 

EQUATIONS FOR S1-S2 REGION 

COMPUTE MASS MATRIX I N  Z & R 
COORDINATES 

& 

6 

1 COMPUTE FINITE DIFFERENCE 
EQUATIONS FOR S1-S3 REGION 

8 

9 ;, COMPUTE FINITE DIFFERENCE 
EQUATIONS FOR S3 REGION 

ADD SECOND EQUATION FOR 

11 

TY ES 

I PRINT A MATRIX 
l 2  I 
l 3  1 INVERT A MATRIX 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

SECTIONS S1, S2, S3 

I PRINT 2 & R MASS MATRIX -1 
1 

MAKE TOTAL MASS 

FIGURE B1 - FLOW CHART FOR BASIC VERSION OF C T A N K l  
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